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Light with nonzero chemical potential

F. Herrmann
Abteilung fu Didaktik der Physik, Universitakarlsruhe, D-76128 Karlsruhe, Germany

P. Wurfel
Institut fir Angewandte Physik, Universtt&arlsruhe, D-76128 Karlsruhe, Germany

(Received 21 February 2003; accepted 18 March 2005

Thermodynamic states and processes involving light are discussed in which the chemical potential
of light is nonzero. Light with nonzero chemical potential is produced in photochemical reactions,
for example, in a light emitting diode. The chemical potential of black-body radiation becomes
negative upon a Joule expansion. The isothermal diffusion of light, which is a common
phenomenon, is driven by the gradient in the chemical potential. These and other examples support
the idea that light can be interpreted as a gas of photons, with properties similar to a material
gas. © 2005 American Association of Physics Teachers.
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[. INTRODUCTION are discussed in which the chemical potential is changed. In
Sec. ll, states of nonzero chemical potential are treated in

The thermodynamics of electromagnetic radiation is moregeneral terms. In Sec. Il we discuss the chemical equilib-
than 100 years old. Plantkhowed that the rules of thermo- fum between electromagnetic radiation and the electron-
dynamics, established by Clausius, Gibbs, and Thomson, apole gas of a semiconductor diode. The change of the chemi-
ply to electromagnetic radiation in the same way as to #£al potential in a Joule expansion of Ilght is conS|d¢red_ in
material gas. In particular, Planck introduced relations beSec. IV, and in Sec. V we discuss the isothermal diffusive
tween the usual quantities of thermodynamics such as thigow of light.
energy, entropy, volume, temperature, and pressure. In addi-
ti_on, he treated_processes Withllight that are commonly CONy. THE CHEMICAL POTENTIAL OF PHOTONS
sidered when discussing material gases, isothermal and isen-
tropic expansion, as well as fregsoenergetic expansion Several arguments are generally given to show that the
into vacuum. However, one of the relevant thermodynamiachemical potential of light is always zero. All of them are
quantities is not found in Planck’s work, the chemical poten-based on the fact, that photons are easily created and annihi-
tial u, introduced by Gibbs in 1873The reason for Planck’s lated. The essence of the reasoning is that “...the absence of
omission is understandable, he discussed only black-body conservation law for photons leads to a zero value for the
radiation, that is, states of light in which the chemical poten<hemical potential.”
tial is zero. Planck did discuss the isoenergetic expansion of However, a thermodynamic treatment of light based on
light, without realizing that the final state could be describedzero chemical potential is correct only for light from incan-
by a nonzero chemical potentfalVe will show that the ex- descent sources. It does not apply to light from sources such
pansion of light without the presence of a “carbon particle” as gas discharges, TV screens, light emitting diodes, and la-
as described by Planck leads to a state in which the temperaers. Moreover, nonconservation of particle number by itself
ture of the light is the same before and after the expansioris not an argument for a zero chemical potential, because

and the chemical potential is negative. nonconservation of particles is not restricted to photons. For
In typical undergraduate courses on thermodynamics thexample, consider the reaction
emphasis is on material gases. In spite of Planck’s compre- 2Hy+ Oy=2H,0. (1)

hensive work, light is rarely considered as a gas in much the

same way as a material gas. There are several reasons A#ihough the particle numbers are not conserved, the chemi-

discuss the thermodynamics of light in addition to that ofcal potentials of the three substances are nonzero. For chemi-

material ideal gases. Kelly reviewed the thermodynamic pro€al equilibrium, the chemical potential of watery o, is

cesses considered by Planck, derived expressions for quangjatermined by the chemical potential of hydrogen, , and

ties such as the heat capacity and compressibility, showed the 2

validity of the third principle of thermodynamics, discussed °XY9€MN: 4o, because

the Carnot cycle with light as the medium, and stressed that _

students obtain a one-sided understanding if light is treated 2Hry * 10, = 214H20. @

only in electrodynamic$.Lee pointed out that in addition to In other words, the chemical potentials of the products adjust

a material gas, light is another simple system for demonstrato those of the reactants. The same applies to photons. They

ing the formalism of thermodynamicd.eff emphasized that are created or annihilated in “reactions” involving the exci-

light is both a quantum mechanical and a relativistic system.tations of matter, such as phonons and electron-hole pairs.
In Refs. 1 and 4-8, only states of light are discussed foiThe excitations of matter must be involved because although

which the chemical potential of the photons is zero. Theparticle number is not conserved, the photon momentum and

similarity of the treatment of a material gas and a photon gasngular momentum are conserved, which does not allow an

would, however, be more apparent if states are included imnrestricted variation of the photon number. This conserva-

which the chemical potential is nonzetd?? and processes tion leads to the well known selection rules for the interac-
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tions of photons with the excitations of matter. The photons dp

derive their temperature and chemical potential from thesed—w

interactions. a the same temperature
States with nonzero chemical potential of the photons, different chemical potentials

M, can be realized in two ways. In one way, the light is the
result of a photochemical reaction. If the light is in chemical
equilibrium with the excitations of matter whose chemical

potential is nonzero, for example, the electron-hole pairs in a different temperatures
light emitting diode(LED), then the chemical potential of the same chemical potential g = 0
the light is nonzero as well. NN
From the chemical reaction of an electrenvith a holeh ,/ TN ¢
" ’"~ \

to produce a photow, 7,/ b g

et+h=1y, ) 7 NN

’// Tl \\\

it follows that oo T T

dn,=—dn,=—dn;. (4) @

. Fig. 1. The influence of the temperature and the chemical potential on the

For the minimum of the free energy we have spectrum of light. The continuous and the dotted line correspond to zero

dn.+ dn.+ dn.=o0. 5 chemical potential. The continuous and the broken line correspond to the
HeHlle™ Hn GTn ™ Ky BTy ®) same temperature.

By using Eq.(1) we obtain

Moy = et (6) S S

(The sumu.+ u, is the differences pe— gy of the quasi- forms the Bose distribution into the Boltzmann distribution.
SHIe ™ Mh EFCT EFV 1€ g All the equations derived in the following are correct within
Fermi energies of the electrons in the conduction band anﬂ1iS approximation(Einstein used Wien's law as an approxi-
holes in the valence b_ands, respectl\}é]l%. ... mation when he proved the existence of the photOred;
Another way to realize a nonzero chemical potential is bythough Planck’s law was already known to him.

a thermodynamic process. We start with photons vath £qor photons with nonzero chemical potential, E§) is
=0 and change the chemical potential in a thermodynamig,jig for states withh o — w,>KT. A spectrum containing all
process. The resulting state with,#0 is preserved as long photon energies can therefore have only a negative chemical
as the photons do not interact with excitations of matter havpotential. A positive chemical potential must be restricted to
ing zero chemical potential, that is, as long as they are noj photon energy rangé o>, +KT. In textbooks, the

absorbed. o chemical potential of a system of bosons is shown to be
We recall how the Plagll%klzdlstrlbutlon is affected by @pegative, because the zero of the chemical potential scale is
nonzero chemical potential.” assumed to coincide with the origin of the kinetic energy. If
dp  hod 1 the origin of the chemical potential scale is taken to be the

- = prees , (7) origin of the total energy, as in our case for photons, then the
do  mc® [efhei) —1] chemical potential can have positive values as well, but must
wheredp/dw is the energy density per frequency interval be smaller than the total energy. This restriction holds for
and 8= 1KT. All the other symbols have their usual mean- LEDS. Their emission spectrum contains only photons with
ing. Equation(7) is a generalization of Planck’s radiation €nergies larger than the band gap of the LED. _
law. The chemical potentigk., appears, in addition to the Figure 2 illustrates the error that is caused by neglecting
temperaturd’, as a second parameter in the same way as for
other bosons, for exampléle. Figure 1 shows three spectra

of thermal radiation. Curve&a) and (b) correspond to the
chemical potentiak =0, but the temperature ¢b) is lower Jo
than that of(a). Curves(a) and(c) correspond to the same
temperature, but to different chemical potentials. The chemi-
cal potential of(c) is negative. Note that different values of

the chemical potential mainly affect the magnitude of the
spectral energy density, but leave the shape of the spectrum

essentially unaltered. the same as curve b in Fig. 1
If we neglect the term-1 in the denominator of Eq7), it (417 not omitted)
simplifies to
d ho’
£~ 7T203 efﬁ(ﬁwfﬂy): aw?’efﬁﬁweﬁ#y, (8) /
£ “~17in distribution
wheree?#y appears as a scaling factor. Except for this factor, /7 function omitted

Eq. (8) is Wien's radiation law? In Eq. (8), the energy den-
sity per frequency intervalor the number of photomnsn-

creases at each frequency by the same factor when thgy. 2. The neglect of-1 in the distribution function causes only minor
chemical potential is increased. This approximation transehanges in the spectrum.

w
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the term—1 in the denominator of Eq7). From Eq.(8), the a(ne)
energy density is obtained by integrating over the frequency, 1

Q

p(,u,y)=aeﬁ“7J wle P de. 9
If we express the energy densipfu,) in terms of the en-
ergy densityp, of a photon gas withw, =0, we obtain

p(y) = poel*r. (10) 0

Because the pressure is proportional to the energy density, a
similar relation holds for the pressure,

&g he

dp

Y
P(,)=poelhr. (11) do \‘
We solve for the chemical potential in E{.1) and find

uy<p>=len(pﬁo), 12

wherep, is the pressure of a photon gas wijih,=0. The
counterpart of Eq(12) for a material ideal gas i \

\
\
©(P) = u(Po)=kTIn pﬁo) (13 AN

In contrast to Eq(12), Eq. (13) does not allow us to calcu-
late the absolute value qf(p) for a given pressure, but [—
only the deviation from the chemical potentja(p,) for the ¢ hw

reference pressurpo. Equation(13) is valid for light as Fig. 3. (a) Idealized absorptivitya(% w) of a thick semiconductorb) The

well, if the state Wlth,u,y=0 is taken as the referenp(eln thin line is the black-body spectrum fér=300 K andu.,= 0. The thick line
general, such a choice cannot be made for a material gas. represents the part of the black-body spectrum that is emitted by an LED in
equilibrium with its 300 K surroundings. The broken line shows schemati-

cally the emission spectrum of the LED when a voltage is appliedr
IIl. THE PHOTON GAS IN CHEMICAL clarity, the gap energy in the figure is assumed to be much smaller than
EQUILIBRIUM WITH AN ELECTRON —HOLE GAS it really is)

When a chemical reaction is in chemical equilibrium, the
sum of the chemical potentials of the substances on the lef
hand side of the reaction equation is equal to the sum of th
right-hand side potentials. In an LED an electrerand a
hole h recombine to produce a photan or they are gener-
ated when a photon is absorbed as in 8. If the absorp-
tivity of the light emitting layer is close to one, emission and
reabsorption processes are frequent, and thus the reaction
in chemical equilibrium and Ed6) holds. For an LED with
no series resistance, the sum of the chemical potenjials,
+un, and the difference of the quasi-Fermi energigs

—epy, IS related to the voltag¥ between the terminals of £ £ (7) it can be seen that, although there is no lower
the LED by bound, the chemical potential cannot be higher than the
EFc— EFv= MeT Hn=p,=eV. (14)  smallest photon energy of the corresponding spectrum. Oth-
. . . erwise, a negative energy density would result. Therefore,
It might be argued that applying a voltage and having g4 gjation with a positive chemical potential cannot contain
current is not consistent with the concept of equilibrium. In photon energies. It can exist only above the energy thresh-

t58(3)=1. The thin line in Fig. &) is the black-body spec-
frum with T=300 K andu,=0, and the thick solid line is
the part of the black-body spectrum that the LED absorbs
and emits in equilibrium with the 300 K surroundings when
no voltage is applied to the LED. The emission spectrum
with an applied voltage, that is, fou,>0, has the same
s'ﬁape as fop =0, but it is much more intense as shown by
the broken line in Fig. ®). If a potential difference of 1V is
applied, the intensity is increased by a factor of
exp(l eVKT)=5x10'°.

rates. An equilibrium description as in E) is based on i, ashold
well-defined Fermi distributions for the electrons in the con- '

duction band and for the holes in the valence band, a ver
good approximation in LEDs. V. JoULE ExPANSION

The light emitted by an LED is known as luminescent |n Refs. 1, 4, and 5 isothermal and isentropic processes are
radiation. Figure @) shows the idealized absorptivity, giscussed with light. Kelfyand Planck considered isoener-
a(fiw), of a thick semiconductor, which, according to Kirch- getic expansion into the vacuum, known as Joule expansion.
hoff, is equal to its emissivity. Photons withw<eg, the  To ensure that the light is black-body radiation wjth=0
band gap of the LED, cannot be absorbed by generatingefore and after the expansion, Planck employed his famous
electron—hole pairs resulting m(Zw<eg)=0, whereas all  black dust particle. The particle is assumed to be so small
photons with hw>eg are absorbed resulting iR(Zw  that its entropy can be neglected with respect to that of the
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P1
thermal radiation T empty mo(P1) =KT |“( %) : (18)

It is seen that for light, as well as for a material gas, the
—l— chemical potential is reduced by free expansion. Because we
started with black-body radiation with,=0, the chemical
potential becomes negative upon expansion.
] For light, the isoenergetic expansion can be followed by
another irreversible process: We just have to add Planck’s
white walls white walls black dust particle. The chemical potential of the light will
/ / now go to zero, while the temperature decreases and the
photon number increases. At the end, the photon gas is in the
same state as if the light had been in Planck’s version of the
experiment with the black particle present all the time.
The temperature change is found by taking into account
that the energy of the photon gas does not change during the
expansion. Because the energy density of black-body radia-

radiation. The black particle serves two purposes in the exion is proportional toT”, we obtain,

Fig. 4. Joule experiment with black-body radiation. The white walls of the
container guarantee the isotropy of the radiation at any time.

pansion process: It ensures that the spectral distribution of 4_ 4
the light remains a black-body spectrum, and it ensures that VoTo=V1Ty, (19
the light remains isotropic. from which the final temperature is obtained,

Because we want the chemical potential to be nonzero, we 1a
realize the expansion without Planck’s dust particle, which  + _ ¢ (ﬁ) (20)
would fix the chemical potential at its black-body value of 170y,

zero. To make sure that the light is isotropic after the expan-

sion, we assume the walls of the container to be perfectlyy p|EFUSIVE ELOW OF LIGHT

white. As mentioned in Sec. |, Plant#iscussed such a pro-

cess, without realizing that the final state could be described |n Sec. IV we considered the expansion of a well-defined

by a nonzero chemical potential. amount of black-body radiation. However, the expansion
In the following, values in the initial state have the index process also can be considered as a continuous flow. We

0, and the final state has index 1. For comparison, we firsgonsider here the isothermal flow of light, which can be re-

consider a material gas. After the expansion, the temperatutgized when light propagates through a medium that is scat-

has the same value as before, while the pressure and cheméring but not absorbing. An example is diffuse light, inci-

cal potential have decreased. From the equation of state Weent onto a cloud from above. When penetrating into the

obtain cloud, the photons are multiple scattered. Some of them re-
Vv turn to the upper surface and escape. Others reach the lower
plz—opo, (15) surface. As a result, the photon density decreases from the

Vi upper to the lower surface of the cloud. With increasing

depth, the spectral intensity decreases by the same factor at
all photon energies. As a result, the temperature of the light
Py remains constant, but its pressure and chemical potential de-
,u(pl)—,u(po):len(—)- (16)  crease.
Po Again, we see that light behaves like a material gas, mol-
Thus, when the volume increases by a factor of 2, the presscules flow, at constant temperature, from a location of high
sure is reduced to half of its initial value and the chemicalpressure to one of low pressure or, correspondingly, from
potential decreases T In 2. high to small chemical potential. A further realization of the
We now realize the expansion with electromagnetic radiaisothermal flow of light has been discussed in Ref. 16 in
tion, as shown in Fig. 4. Initially, the left compartment haswhich light diffuses through a pipe, whose walls are per-
been filled with black-body radiation witl,=0. Because fectly white on the inside. _
this radiation is isotropic, its state remains unaltered by scat- These examples can be viewed in the same way as the
tering of the photons with the white walls of the compart- flow of a material gas through a resistive pipe: A gradient of
ment. The right compartment is empty, that is, it contains ngn€ chemical potential is considered to be the cause or the
radiation. When the partition between the two compartmentsdriving force” of a diffusive flow.”™" As long as no other
is removed, the light is diluted by a factor ,/V,. There-  driving forces are present, a substance diffuses from high to
fore, its spectral energy density for all photon energies idOW values of the chemical potentid.

reduced by the same factor for all photon energies, and the Fina_ll)h/, I\'Ni rnent.ifff)n Qno]EIher ﬂrg)w process that can be real-
distribution of the photons is still isotropic. The pressure isiZed With light: A diffusive flow that is driven by a tempera-

reduced in the same way as it would be for a material gas ture gradient, while the gradient of the chemical potential is
zero. This flow corresponds to the expansion discussed in the

and Eq.(13) becomes

Vo preceding paragraph, when a black dust particle is present. In
P1=yPo- (17)  this case the light remains black-body radiation, but it propa-
! gates from higher to lower temperature. Such a flow is real-
Likewise, according to Eq.12), the change of the chemical ized in the interior of stars and is the dominant energy trans-
potential is the same as for a material gas, port mechanism when no convection takes place. In the sun,
4 Am. J. Phys., Vol. 73, No. 6, June 2005 F. Herrmann and Rf&lu 4
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the heat flow is convective only in the outer 10% of the The Scientific Papers of J. Willard Gibbedited by H. A. Bumstead and R.
radius. In the remaining inner 90%, a diffusive flow of light G- Van Name(Dover, New York, 1991

with zero chemical potential is driven by a temperature gra_3Reference 1, p. 68: “If the process of an irreversible adiabatic expansion
dient of the radiation from the volum¥ to the volumeV’ proceeds in the same

way as described above, with the only difference, that no carbon patrticle is
introduced into the vacuum, after the establishment of a uniform state of
VI. SUMMARY radiation, which will take place due to the diffuse reflection at the walls of

Stat f light d . Vi liaht h b the container after a considerable time, the radiation in the new voliUme
. ales O_ 9 . an pI’OCES_SGS invo Vl_ng '9 ave ee_n will not have the character of black radiation, and will consequently not
discussed in which the chemical potential of the photons is haye a well-determined temperature.”
nonzero. L.Ight can b6_ produced dlreCt')_’ with nonzero Che_ml"‘R. E. Kelly, “Thermodynamics of blackbody radiation,” Am. J. Phyi@,
cal potential by making use of chemical equilibrium with 714-719(1982.
excitations of matter. If the chemical potential of the excita- °M. H. Lee, “Carnot cycle for photon gas?,” Am. J. Phy&9, 874878
tions is nonzero, then the chemical potential of the emitted (2003. _ o _
light is nonzero as well. In these cases, the light has a tem-H: S- Leff, “Teaching the photon gas in introductory physics,” Am. J.
: -1 Phys.70, 792-797(2002.
peratu_re .nOt far from room temperature, and its .ChemlcaI7R. Baierlein, “The elusive chemical potential,” Am. J. Phg®, 423-434
potential is greater than zero. Another way to obtain a non- (2001
Zero Chem|§al potenQaI IS to cqn5|der the expansion of black<g cook and R. H. Dickerson, “Understanding the chemical potential,”
body radiation, that is, light withk,, =0, in which the num-  Am. J. Phys63, 737-742(1995.
ber of the photons in any spectral interval is kept constant’. Lasher and F. Stern, “Spontaneous and stimulated recombination radia-
while the concentration decreases. The chemical potential oftion in semiconductors,” Phys. Re¥33 A553—A563(1964.
the resultlng |Ight is less than zero. An example of such a P- Wufel, “The chemical potential of radiation,” J. Phys. £5, 3967-
; ; : ; : ; 3985(1982.
process is scattering without absorpti@lastic scattering  ,, o . . N
X . 3 ) . Up T
The introduction of the chemical potential as a nontrivial andsbergRecombination in SemiconductaGambridge University

. . . .~ Press, Cambridge, 1991
thermodynamic variable of light enables us to characterizeézp el Physics of Solar CellgWiley-VCH, Weinheim, 200§ p. 1.

not On_l)’_blaCk'bOdy ra_diation, b_Ut <'_i|50 other common typesay, wien, “Uber die Energievertheilung im Emissionsspektrum eines
of radiation, such as diffuse white light or luminescent light. schwarzen Kmpers,” Wiedemanns Annalen der Physik und Che5&

For the approximations we have made, the pressure depené62-669(1896.
dence of the chemical potential in a Joule expansion is th&A. Einstein, “Uber einen die Erzeugung und Verwandlung des Lichts be-
isothermal diffusive flow of light is driven by a gradient of 16'1-'|-VL\J/ﬁr::sLi:ChheerT:eHE;{Jn?r?::nogrﬁ'(jeislggrr?r‘gh Ee‘y\\/lv\r:?crrl?vvl:gggés‘li?é it
the chemical potential in the same way as the flow of a . -+ » T naupimann, anc: = ‘ y 9

: . 0?,” Am. J. Phys70, 599—-606(2002.

material gas. This close correspondence can help students

> LTV - . Job, Neudarstellung der VAtanelehre (Akademische Verlagsgesell-
understand the similarity between a photon and a materialschaft, Frankfurt, 1972 p. 117.

gas. 18The gradient of the concentration often is considered to be the cause or
“driving force” of diffusive flow. This interpretation is possible only if the
IM. Planck, Vorlesungen”ber die Theorie der Vianestrahlung(Verlag chemical potential depends monotonically on the concentration. It does not
Johann Ambrosius Barth, Leipzig, 1913he Theory of Heat Radiation work if the transport crosses a phase interface. There the chemical poten-
(Dover, New York, 1958 tial is indispensable.
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